Abstract: Classical integrable Hamiltonian systems generated by elements of the Poisson commuting ring of spectral invariants on rational coadjoint orbits of the loop algebra gl § * (2, IR) are integrated by separation of variables in the HamiltonJacobi equation in hyperellipsoidal coordinates. The canonically quantized systems are then shown to also be completely integrable and separable within the same coordinates. Pairs of second class constraints defining reduced phase spaces are implemented in the quantized systems by choosing one constraint as an invariant, and interpreting the other as determining a quotient (i.e. by treating one as a first class constraint and the other as a gauge condition). Completely integrable, separable systems on spheres and ellipsoids result, but those on ellipsoids require a further modification of order (9(h 2) in the commuting invariants in order to assure self-adjointness and to recover the Laplacian for the case of free motion. For each case in the ambient space IR", the sphere and the ellipsoid -the SchriSdinger equations are completely separated in hyperellipsoidal coordinates, giving equations of generalized Lam6 type.
Introduction
A general method for realizing integrable Hamiltonian systems as isospectral flows in rational coadjoint orbits of loop algebras was developed in [AHP, . This approach begins with a moment map embedding of certain Hamiltonian quotients of symplectic vector spaces into finite dimensional Poisson subspaces of the dual gl(r) § of the positive frequency part of the loop algebra 91(r) (or certain subalgebras thereof). The Adler-Kostant-Symes (AKS) theorem [A, K, S] then implies that the spectral invariants provide commuting integrals inducing isospectral flows determined by matrix Lax equations. The level sets of these commuting invariants are shown to determine Lagrangian foliations on the rational coadjoint orbits, and hence completely integrable systems. Finally, a special set of canonical coordinates, the spectral Darboux coordinates are introduced, in which the Liouville generating function, which determines the linearizing canonical transformation, is expressed in completely separated form as an abelian integral on the associated invariant spectral curve. The resulting linearizing map is essentially the Abel map to the Jacobi variety of the spectral curve, thus providing a link, through purely Hamiltonian methods, with the algebro-geometric linearization methods of [Du, KN, AvM] . This approach has been applied to the study of a large number of integrable classical Hamiltonian systems, as well as the determination of finite dimensional quasi-periodic solutions of integrable systems of PDE's [H, HW, AHH3, AHH4, W, TW].
In the present work we focus on the case gI(2) +*, taking an equivalent approach to integrability based, first of all, on separation of variables in the Hamilton-Jacobi equation. The relevant "spectral Darboux coordinates" in this case simply reduce to hyperellipsoidal coordinates. The purpose of this reformulation is to prepare the passage to the corresponding quantum systems and the study of integrability and separation of variables in the associated Schr6dinger equation. As it turns out, each such classical integrable system has an integrable quantum analogue, for which the Schr6dinger equation is completely separable in the same coordinates. One case of separation of variables in such systems, the quantized Neumann oscillator (an anisotropic harmonic oscillator constrained to the surface of a sphere), was studied in [BT] , and the results extended to the quantum Rosochatius system in [Mc] . Other special cases, involving quantized free motion in various symmetric spaces and reductions thereof, were studied in [K, KM, KMW, BKW1, BKW2, ORW, Ku, To]. All these systems may be placed in a loop algebra setting using the moment map embedding of [AHPI, and canonically quantized. The resulting formulation is equivalent to a Gaudin spin chain [G, Ku] , and the separation of variables interpreted as a functional Bethe ansatz [Skl, Sk2] .
In [Mol, the algebraic geometry of a number of classical integrable systems constrained to quadrics in R" was examined. The integration of these and related systems was given a loop algebra formulation based on ~+ (2, C) and reductions thereof in [AHP, AHH4] . In the present work, such systems will be reexamined in terms of separation of variables in the Hamilton-Jacobi equation. Their quantum analogues will then be studied through constrained canonical quantization, making use of the loop algebra formulation to identify the commuting invariants in terms of "quantum determinants." The corresponding Schr6dinger equations will be shown to separate within the same coordinates as the classical systems. Constraints leading to dynamics on spheres and ellipsoids will be shown to lead to integrable quantum systems, also separable in the same coordinates as the classical ones.
In Sect. 1, the appropriate loop algebra formulation of the systems in question is given. In each case, the coadjoint orbit is identified with the quotient R2n/(Z2)" and integrable isospectral flows are examined both in this space and on constrained submanifolds identified with the cotangent bundle of a sphere S n-1 c R ~, or an ellipsoid ~"-1 c R ~. The key step consists of using a Lagrange interpolation formula to express the invariant spectral polynomial in terms of its values at the associated spectral divisor points, and noting that these values coincide with the squared canonical momentum components. The separation of variables follows from identification of residues in the interpolation formula.
In Sect. 2, the corresponding quantum systems are obtained by canonical quantization in the ambient phase space R 2" before quotienting. The resulting
